In this paper, we investigate a new class of fractional differential equations with non-instantaneous impulses. We give a suitable formula of piecewise continuous solutions and present the concept of β-Ulam-Hyers stability. We present existence and β-Ulam-Hyers stability results on a compact interval.
Introduction
Impulsive fractional differential equations are used to describe many practical dynamical systems in many evolutionary processes models. There are many recent contributions [-] on fractional differential equations with instantaneous impulses of the form ,t is the Caputo fractional derivative of the order α ∈ (n -, n), n ∈ N, f : J × R → R and I k : R → R and τ k satisfies  = τ  < τ  < · · · < τ m < τ m+ = T, x(τ + k ) = lim → + x(τ k + ) and x(τ -k ) = lim → -x(τ k + ) represent the right and left limits of x(t) at t = τ k , respectively. Here, I k is a sequence of instantaneous impulse operators and it has been used to describe abrupt changes such as shocks, harvesting, and natural disasters.
In general, the classical instantaneous impulses cannot describe some certain dynamics of evolution processes. For example, when we consider the hemodynamic equilibrium of a person, the introduction of the drugs in the bloodstream and the consequent absorption for the body are gradual and continuous process. In fact, the above situation can be characterized by a new case of impulsive action, which starts at an arbitrary fixed point and stays active on a finite time interval. From the viewpoint of general theories, Hernández and O'Regan [] initially offered a study of a new class of abstract cases of semilinear impulsive differential modeling with no instantaneous impulses and Pierri et al. [] continued the work and extended the previous results.
However, we note that the absorption of drugs has a memory effect. In fact, fractional calculus provides a powerful tool for hereditary properties on various materials and mem-ory processes [, ] . Motivated by [-], we investigate the following new class of impulsive differential equations:
where c D α s i ,t is the Caputo fractional derivative of the order α ∈ (, ) with the lower limit ] in β-normed spaces. As far as we known, neither the existence of a solution nor the Ulam type stability of () in β-normed spaces has been studied. Here, we shall apply the usual methods of analysis and novel techniques in β-Banach spaces to deal with our problem.
Preliminaries
To begin with, we present the concept of β-Banach space. 
Next, we recall some basic concepts of the fractional integral and derivative, and some results as regards fractional differential equations [] .
Definition . The fractional integral of order γ with the lower limit a for a function f is defined as
provided the right side is point-wise defined on [a, ∞), where (·) is the gamma function.
Definition . The Riemann-Liouville derivative of order γ with the lower limit a for a function f : [a, ∞) → R can be written as
.
Lemma . Let h : J → R be a continuous function. A function x ∈ PC(J, R) is a solution of the fractional integral equations
x() = x  ; x(t) = E α -t α λ x  + t  (t -s) α- E α,α -(t -s) α λ h(s) ds, t ∈ (, t  ]; x(t) = q + I γ t i ,t g i (t) -I α ,s i h(s i ), t ∈ (t i , s i ], i = , , . . . , m; x(t) = E α -(t -s i ) α λ q + I γ t i ,s i g i (s i ) -I α ,s i h(s i ) + t s i (t -s) α- E α,α -(t -s) α λ h(s) ds, t ∈ (s i , t i+ ], i = , . .
. , m, if and only if x is a solution of the equation
Integrating from  to t by virtue of Definition ., one can obtain
So we get
Thus,
Conversely, one can verify the fact by proceeding the standard steps to complete the rest of proof.
β-Ulam-Hyers stability concept and auxiliary facts
Let  < β < , > . We consider the following inequality:
Then our goal is to find a solution y(·) close to the measured output x(·) and this closeness is defined in the sense of β-Ulam's type stability as follows.
Definition . Equation () is β-Ulam-Hyers stable if there exists a real number c f ,α,γ ,β,g i >  such that for each >  and for each solution y ∈ PC  (J, R) of the inequality () there exists a solution x ∈ PC  (J, R) of () with
Remark . A function y ∈ PC  (J, R) is a solution of the inequality () if and only if there is a number G such that
is a solution of the inequality () then y is a solution of the following integral inequality:
In fact, by Remark . we get
Clearly, the solution of () is given by
Proceeding as above, we derive that
Existence and β-Ulam-Hyers stability results
We impose the following assumptions:
and there are positive constants L g i , i = , , . . . , m such that
We begin by giving the existence and uniqueness result for the solutions to ().
Theorem . Assume that (A  ), (A  ), (A  ) are satisfied. Then () has a unique solution provided that
Proof Consider an operator :
It is easy to see that is well defined. Next, we show that is a contraction mapping. Case : For u  , u  ∈ PC(J, R) and for each t ∈ [, t  ], we have
which implies that
This reduces to
Case : For u  , u  ∈ PC(J, R) and for each t ∈ (s i , t i+ ], i = , , . . . , m, we have
From the above cases, we obtain
where is given in (). Finally, we can deduce that is a contraction mapping. Then one can derive the result immediately.
In what follows, we discuss the stability of () by using the concept of β-Ulam-Hyers in the above section.
Theorem . With the same assumptions in Theorem .. Then () is β-Ulam-Hyers stable with respect to .
Proof Denote by x the unique solution of
Then we get
where
where c f ,α,γ ,β,g i := (
Case : For t ∈ (t i , s i ], i = , , . . . , m, we have
Case : For t ∈ (s i , t i+ ], i = , , . . . , m, we have
which yields
Summarizing, (), (), and () imply that () is β-Ulam-Hyers stable with respect to . The proof is completed.
Example
Let us consider
and 
